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Abstract 

We present a new type of self-tuning mechanism for (3+p)d brane world models 
in the framework of gravity-scalar theory. This new type of self-tuning mechanism 
exhibits a remarkable feature. In the limit g s — > 0, g s being the string coupling, 
the geometry of bulk spacetime remains virtually unchanged by an introduction 
of the Standard Model(SM)-brane, and consequently it is virtually unaffected by 
quantum fluctuations of SM fields with support on the SM-brane. Such a feature 
can be obtained by introducing Neveu-Schwarz(NS)-brane as a background brane 
on which our SM-brane is to be set. Indeed, field equations naturally suggest the 
existence of the background NS-brane. Among the given such models, of the most 
interest is the case with A = 0, where A represents the bulk cosmological constant. 
This model contains a pair of coincident branes (of the SM- and the NS-branes), 
one of which is a codimension-2 brane placed at the origin of 2d transverse space 
(= £2), another a codimension-1 brane placed at the edge of £2- These two branes 
are (anti) T-duals of each other, and one of them may be identified as our SM- 
brane plus the background NS-brane. In the presence of the background NS-brane 
(and in the absence of A), the 2d transverse space £2 becomes an orbifold R2/Z n 
with an appropriate deficit angle. But this is only possible if the (3 + p)d Planck 
scale M^ +p and the string scale M s (= 1/y/a') are of the same order, which accords 
with the hierarchy assumption [TJ [2j [3] that the electroweak scale m ew is the only 
short distance scale existing in nature. 
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1 Introduction 



Inspired by the fact that the SM fields in string theory should be confined to the D-brane 
[U [2] , it was proposed that our universe may be a topological wall (3-brane) imbedded 
in a higher dimensional spacetime (bulk) [3J. This "brane world" scenario has drawn 
considerable attention over the last few years since it provides a mechanism for solving 
the longstanding puzzles such as the cosmological constant problem [I] or the hierarchy 
problem [2j. For instance, a 5d model was presented in [S] where the SM vacuum 
energy (or the brane tension) "warps" only the 5d bulk spacetime and does not affect 
the geometry of the brane itself, so the brane is kept flat regardless of the value of the 
brane tension. In this model, the desired TeV physical mass scale can be obtained from 
the fundamental Planck scale ~ 10 19 GeV through an exponential hierarchy generated 
by an exponential "warp" factor. Similar models also have been considered in 6d [6]. 
These models provide a nice way to address the hierarchy problem, but they require fine- 
tuning between brane and bulk parameters in order to admit static solutions which are 
flat in the 4d brane world sector. Since these models are not free from the fine-tuning, 
a separate discussion would be necessary in order to meet the cosmological constant 
problem. 

In this context, models without fine-tuning (or self-tuning models) have been pro- 
posed both in 5d [7J [H [9] and 6d [TQl EH 12] . In particular, in pjjj it was argued that the 
self-tuning of the cosmological constant is generic in 5d theories with no more than two 
branes coupled to a scalar field as well as gravity. The idea of self-tuning mechanism in 
5d is that if in some cases the number of free parameters in the bulk solution is greater 
than the number of matching conditions (including orbifold boundary conditions), then 
one can find solutions where the brane tension can take any arbitrary value without 
changing geometry of the brane, and quantum corrections to the brane tension do not 
disturb the flatness of the brane. However, the presence of the bulk cosmological con- 
stant A leads to a reintroduction of the fine-tuning between A and the brane tension 
except for a particular case [8J. Also, 5d models generally involve a naked singularity 
from a finite proper distance from the brane [HI fT3"] . 

As mentioned above, self-tuning models also have been proposed in 6d. The self- 
tuning mechanism in 6d is different from that in 5d. Generally, 6d solutions have a 
desirable property that the brane tension does not affect the 4d effective cosmological 
constant; it only induces a deficit angle in the transverse space. The above 6d models 
are worth noticing in this respect. But still, certain kinds of fine-tunings are necessary in 
these models. For instance, a fine-tuning of bulk parameters is needed in [TTJ to obtain 
a sufficiently small value for the 4d cosmological constant, or a flux quantization causes 



1 



a reintroduction of the fine-tuning between brane and bulk parameters in [12] . Besides 
this, there have been some claims [H] that these 6d models are not really the self-tuning 
models; they are indeed fine-tuning models. (Further conventional works in 6d can be 
found in |15j.) 

In this paper, along this line of studies, we will consider (3+p)d brane world solutions 
(and corresponding brane world models) in the framework of gravity-scalar theory. The 
solutions show that the (3 + p)d gravity-scalar action admits a new type of self-tuning 
mechanism distinguished from the conventional ones. Namely, the geometry of bulk 
spacetime remains virtually unaffected by the quantum fluctuations of SM fields with 
support on the SM-brane in the limit as the string coupling g s goes to zero. Such a 
feature involves an introduction of a background NS-brane, whose existence is naturally 
suggested by field equations. 

Historically, the theory with background NS-branes in the limit g s — > is not new. 
It is believed that in the limit g s — > NS5-branes of the type II string theory decouple 
from bulk modes (including gravity), and this decoupled theory of NS5-branes is known 
as " Little String Theory" (LST) [16] . For this reason the discussion of this paper may 
be partially regarded as an analogue of LST, and consequently the limit g s — > as an 
analogue of the decoupling limit of LST. Such an implication in LST is briefly discussed 
in Sec. 6 and Sec. 7. 

Besides this, the self-tuning mechanism of this paper is naturally connected with the 
hierarchy problem. In the presence of the background NS-brane (and in the absence of 
A), the 2d transverse space becomes an orbifold R,2/Z n with a deficit angle 5 = 2tt(1 — (3) 
with (3 ~ (M s /M3 +P ) 1+P , where M s is the string scale, while M^ +p the (3 + p)d Planck 
scale. So in order that f3 becomes of order one, M s and M^ +p must be of the same order, 
which naturally accords with the hierarchy conjecture that there may exist only one 
fundamental short distance scale (which is presumably the electroweak scale) in nature. 
We will see this in Sec. 10. 



2 Reduced action 

We start with a (3 + p)d action given by0 



— / d 3+p xV^G 
2nr 



e" 2 * [# + 4(V$) 2 ] 



e a *A -~ £ (V^) 2 

2 i=l 



(2.1) 



1 Instead of the last term of (2.1), it is also possible to consider more generalized terms like 

2 

(—1/2) £ e^^V^i) 2 , where Ui is any dilatonic scalar other than <t>. The whole discussion of this 
paper still holds for this generalized Lagrangian as can be inferred from the argument of Sec. 5. 
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where 2k 2 = 1/2M^Z in terms of the (3 + p)d Planck scale M^+ p , and $ is the (3 + p)d 
dilaton. The cosmological constant term includes a factor e a *, and where the case 
a = —2 is of particular interest because it corresponds to the string theory. The action 
(2.1) also contains two scalar fields \&i and which will play an essential role in our 
self-tuning mechanism. To obtain equations of motion from (2.1) it is convenient to 
follow the lines of [T7j. We take the (3 + p)d metric to be of the form 



represents a 3d subspace(= S3) with coordinates y a = (t,r,8). In (2.3), 9 is an angular 
variable with < 9 < 2tt, and (r, 9)(= r) are polar coordinates representing 2d transverse 
space(= S2). At this point we implicitly assume that the geometry of E2 is locally R2 
around r = 0. 

The metric (2.2) is of the most general form with an 0(p) symmetry on the brane 
sector. In fact the field degrees of freedom of the metric (2.2) (together with (2.3)) 
are redundant. For instance the factor e A could be absorbed into ds^, but it has been 
introduced for the later use. f(r) is also a redundant degree of freedom associated with 
a coordinate transformation r —>■ r = F(r). Now notice that the scale factors in (2.2) 
and (2.3) all depend only on r. We will also assume that the scalar fields $, and ^2 
are all functions of r alone (namely, we are considering rotationally symmetric p-brane 
solutions). Since the fields do not depend on the coordinates x« along the p-brane, the 
(3 + p)d action (2.1) can be reduced to a 3d action defined on the subspace S 3 : 



dsl 



'3+p — 



e A ^ds 2 3 + e B ^dx 2 p 



(2.2) 




(2.3) 




/ 



d 3 y^/- det \g ab \ e 




(2.4) 



where is the 3d effective dilaton defined by 



1 , p 
= $ A - - 

4 4 



B 



(2.5) 



and R is the 3d Ricci-scalar obtained from g ab . The indices in (2.4) are all raised or 
lowered with g^. If we choose (recall that e A was a surplus degree of freedom) 



A = 4$ - pB , 



(2.6) 
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(2.4) reduces to 




/ 



dW-detl^l R - e («+6)*-pB A _ 4( 9 $)2 + 2 p(d$)(dB) 



(2.7) 



where the 3d dilaton is absent and the kinetic term for has the standard Einstein 
form without coupled to 0. So the first term of (2.7) is a standard Hilbert-Einstein action 
for the 3d gravity g a b, while the remaining terms constitute an effective matter action 
that gives a contribution to the energy-stress tensor T ab of the 3d Einstein equations for 

9ab- 



3 Co dimension- 2 brane and Field equations with 
*i = 



The bulk equations of motion off the brane can be obtained from the reduced action in 
(2.7). But in order to include the effect of the brane we need to introduce a brane action. 
In this section we start the discussion with an assumption that we have a codimension-2 
brane at r — 0. Also, we assume that the scalar fields are "turned off" (\l/j = 0) at 
this point. The action for a dilaton-coupled codimension-2 brane is most generally given 



where V(<&) is an arbitrary functional of <£>, and g^ v is a pullback of Gab to the (p + l)d 
brane world: 



by 




(3.1) 



dsl = G^dX^dX v \? = v 

= - e ^JV 2 dt 2 + e B (tte5 + ... + tfaJ) 
= g^dx^dx" . 



r=0 



(3.2) 



Upon using (2.6) and (3.2), the action I co d-2 can be converted into 



Icod-2 — — 



I 



d 3 yy/-det\g ab \ e 2 * V P (<S>) 5 2 (r) , 



(3.3) 



where the 2d delta-function 5 2 



(r) has been normalized by 




(3.4) 
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where g 2 represents the determinant of the 2d metric defined on £ 2 . As mentioned 
above we will begin our discussion with a codimension-2 brane placed at r — 0. But 
later we will introduce a codimension-1 brane (in the case A = 0) at the edge of £ 2 , 
which becomes a T-dual of the codimension-2 brane at r = 0. Such a codimension-1 
brane appears as a circle of certain radius, while the codimension-2 brane simply as a 
point on £ 2 . 

The field equations with a codimension-2 brane are now obtained from the total 
action I to tai = hed + Icod-2- In covariant form they are written as 

(a) 3d Einstein equations : 



R 



ah ~ ~^9abR — K 2 (T ab + tab) 



(a, b — t,r, 6) 



(3.5) 



with 

Tab 



2k 2 



1 g ab e^^ B A + 4- [(0 a <&) (d b $) - Uahm 2 



K 



2p 



K 



(d a $)(d b B) 



1 



g ab (d<f>)(dB) 



+ 



P(p+ 1) 
Ak 2 



1 



(d a B)(d b B) - -g ab (dBY 



t ab = -g at g tt g tb e 2 *V p {<$>)5 2 {r) , 
where t ab follows from the action I coc i-2 in (3.3). 

(b) Equations for $ and B : 



(3.6) 
(3.7) 
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(Q + 6) (Q+6)j ,_ pB ^ = K_ 2 * 

8 2 



p[ J + 2 9$ 



4 2 



(3.8) 



(3.9) 



Substituting (2.3) into the Einstein equations in (3.5) gives the following three indepen- 
dent equations of motion: 

,NR 



N(fR')' + I^ e («+6)*- P B A + NfRH 

1 NR 



N'fR' + e (*+s)t>-pB A _ N f RH = 0) 

2 / 

(N'f)'R + I^ e («+6)$- P B A + NfRH = ? 



(3.10) 

(3.11) 
(3.12) 



where H = 2$' 2 —p^'B'+ ^^ B' 2 , and the "prime" denotes the derivative with respect 
to r. Similarly, from (3.8) and (3.9) one obtains 



(NfR&y - [(a + 2)(p+l)+4] jV.R c ,„ +w _, BA 



(P+1) 2^ 2$ 
~ /■£ — " — 6 



/ 



2 d$ 



^(r) , 



(3.13) 
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(NfRB')' - (^)^ e «.«).-,B A = 2 K >™e**[v rW + . (3.14) 

Equations (3. 10)- (3. 14) constitute a complete set of linearly independent equations 
of motion. Now we set 

N = e~ 2 * + ^ B h, (3.15) 
which (together with (2.6)) converts (2.2) into 

ds 2 3+p = e^ pB + R 2 d6 2 ) + e B ( - h 2 dt 2 + dx\ ) . (3.16) 

For h — f (and with $ = (p — 1)5/4), (3.16) takes the usual form of the black brane. 
But in this paper we are interested in the case h — 1, i.e., the solution preserving (p+l)d 
Poincare invariance. By substituting (3.15) into (3.11)-(3.14) and comparing with one 
another, one obtains 

(NfR^Y = , (3.17) 

which shows that the (p + l)d Poincare invariance {h = 1) is automatically preserved. 
In what follows we will set 

h = l, (3.18) 

then 

N^Z = e- 2 *+^ B . (3.19) 

Due to (3.17), Eqs. (3.10)-(3.14) are no longer linearly independent; only four of 
them are. Omitting (3.12), and choosing /(r) as 

f = W' (3 ' 20) 

one finds that the field equations reduce to the following set of four linearly independent 
equations: 

V 2 \nR + Aip = -k 2 Ci 5 2 (f) , (3.21) 

v2$ _ [(q + 2)(p + l) + 4] A ^ = <p+l) k2Ci ^ 
8 2 

y2jB _ (« + 2) A ^ = 2k *C 2 6 2 (7) , (3.23) 

-2(r—r±)(r— — +2 2r- - p(r— ) (r— ) + — -(r— ) 

v dr n dr ' L v dr ' FK dr ,K dr ' 8 V dr ' J 

= A^r 2 , (3.24) 
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where V 2 is the flat space Laplacian V 2 = (l/r)(d/dr)(rd/dr) (so 8 2 (r) is now normalized 
by J rdrd95 2 (r) = 1), while ip and d are defined, respectively, by 

£2^>2 e (a+6)*-pB ^>2 e (a+2)$+B 



and 



d = e( p+1 ) B / 2 \/ p ($) 



C 9 = e^ B ' 2 



r=0 



viC) + 



2 9$ 



r=0 



By inspecting (3.25) together with (3.21)-(3.23) one finds that ^ must satisfy 



V 2 In ^ + mA^j = k 2 h(C 2 - d) + ( a + 2 )(P +1 ) 



d 



5 2 (r) - 4n6 2 (f) , 



where 



m = 2 — 



(a + 2)[(a + 2)(p+l) + 8] 



and similarly from (3.19), (3.22) and (3.23), we get 

V 2 ln£ + A*0 = . 
Also in terms of ip and £ the metric (3.16) is rewritten as 

ds \ +p = e"( Q+2 )* V (rfr 2 + ^# 2 ) + e B ( - dt 2 + df 2 ) 

4 Solution to field equations 



(3.25) 
(3.26) 

(3.27) 
(3.28) 

(3.29) 
(3.30) 



The solution to the differential equations in the previous section can be readily found. 
Using (3.27), one can show that the most general solution to the set of field equations 
(3.21)-(3.23) and (3.29) takes the form 



R = i R 4> kR R , e* = i*i/> k *, e B = t B *fj kB , £ = i^* , 



(4.1) 



where R is a constant with length dimension one, and ku (M = R,§,B,£) are given 
by 

[(a + 2)(p+l)+4] (a + 2) 

Kf 



kn = k$ = — , 



8m 



2m 



Also ?m are defined by 

V 2 lni M = 2vr(a M + 2k M )S 2 (r) = 2ira M 5 2 (?) , 



where the constants a« are given by 

- 2 r 2 



K 

2~ix 



m 



2 

m 



(a + 2)(p+l) j 



2m 



(4.2) 



(4.3) 



(4.4) 
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a B 



[(p+l) + l] [( a + 2)(p+l) + 4] 



2^ 



~2^ 

2 r2 



m 

2 . 4 



4m 



(a + 2) 



rn 



m 



(C, + c 2 ) 



m 2m 



By (4.7), (3.27) can be rewritten as 

V 2 ln^ + mAip = -2tt (ma ( + 2) <5 2 (f) 

and in the case A ^ 0, the solution to (4.8) takes the form [T8 

±(87 2 /mA) 



ip(r) 



|2 ' 



± 



r 2 [(r/r )T ± (r/r )-^]' 
where r is an arbitrary integration constant, but 7 is given in terms of a £ 



(4.5) 
(4.6) 
(4.7) 

(4.8) 
(4.9) 



ni 



7 = -y« € . 

For A = 0, on the other hand, the solution to (4.8) can be written in the form 

60 



r 2 (r/ro) 27 



(4.10) 



(4.11) 



where &o is an arbitrary constant with length dimension two. In (4.9) (i.e., in the case 
A 7^ 0), the constant 7 must be positive. If 7 < 0, ip becomes ijj ~ r -( 2 7+2) as r q ? 
and therefore V 2 ln^ ~ —2tt (— ma £ + 2) 5 2 (r), which does not agree with (4.8), i.e., tp 
does not satisfy the boundary condition at r — 0. In the case A = 0, however, 7 (and 
consequently a$) can be both positive and negative. Finally, the solution to (4.3) (for 
both A 7^ and A = 0) is simply 



iM{r) 



r \ a M 
f / 



(a M = &m + 2fc M ) 



(4.12) 



where f is an arbitrary constant. 

Though the solution (4.1) satisfies (3.21)-(3.23) and (3.29), we still need for consis- 
tency to check whether it satisfies (3.24) either. Substituting (4.1) (together with (4.9) 
(or (4.11)) and (4.12)) into (3.24) gives two consistency conditions 



and 



2, M s , [(a + 2)+4] p 

— {at + an) H a$ as = U 

m mm 



2 p(j9 + 1) 2 2 2 

— 2a £ a R + 4a $ — 2paq,a B H a B = — 7 

4 m 



(4.13) 
(4.14) 
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Since 

(v + I) 

a c = -2a$ + yF ^ ' a B (4.15) 

from the definition of £ (and from (4.1) and (4.12)), the first consistency condition (4.13) 
can be rewritten as 

2a R + a B + (a + 2)a$ = . (4.16) 

(4.16), however, is not a constraint. Using (4.4)-(4.6), one can show that (4.16) is 
identically satisfied from the definitions of au- The condition (4.14), however, imposes 
a restriction on otu- Using (4.10), (4.15) and (4.16) one finds that (4.14) leads to a 
condition 

J+ (!I + 2 sf= o, (4.17) 

where / is defined by 

I = — . (4.18) 

In the case a = — 2 (or m = 2), (4.17) reduces to 

I = < — ► a B = , (4.19) 

which in turn implies C% = (readers can check that I = in the case a ^ —2 also leads 
to C*2 = 0), or equivalently 

w + k^L=°- (4 - 20) 

In the weakly coupled case of the string theory V^($) is expected to be a power series 
of the form 

V p ($) = S U n e n * , (V n = const.) (4.21) 



(where (3 = —1 for the Dp-brane) when the quantum corrections to the brane tension 
are controlled by the dilaton. So if the brane at r — is a Dp-bran^§ with V p (§) given 
by (4.21), V n must be highly fine-tuned (for a given value of the string coupling e*|_._ Q ) 
in order to satisfy (4.20), and this can hardly be accepted. Above all, D-brane does not 
satisfy (4.20) at the tree leveljf] For the NS-brane, however, V p (<&) takes the form 



V p ($) = Voe- 2 * , (V = const.) , (4.22) 



2 To be precise, the objects discussed in the present paper are not the real BPS-objects of the string 
theories, as the action does not include the terms for charges (i.e., n-form fields). The terms Dp-brane 
and NS-brane are used in analogy to string theory. However, we will proceed the discussion assuming 
as if they are BPS-branes, whose charges are neglected as is often the case with the usual brane world 
scenarios. 

3 The tree level form V P (Q) = Vbe~* of the Dp-brane can satisfy (4.20) if we take $(r = 0) = oo. 
But this is not consistent with the weakly coupled case in which e* should not blow up on the D-brane. 
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and (4.20) is immediately solved by (4.22) for arbitrary Vq. This suggests that the 
codimension-2 brane at r = with = would be an NS-NS type p— brane whose 
tension is given by (4.22). The type II and the heterotic string theories admit such a 
brane called NS5-brane. NSp— brane with p < 5 may then be regarded as a dimension- 
ally reduced NS5-brane; for instance, NS3-brane can be taken to be a subsector of the 
NS5-brane wrapped on 2d compact space other than S 2 (see for instance [19]). This 
NSp— brane serves as a "background brane" on which the SM-brane (a Dp— brane with 
SM-fields living on it) is to be set. 



5 Form invariant action 

So far we have considered the case where are absent. Then we ended up with a result 
that the codimension-2 brane at f = should be an NS-brane. The action (2.1) with 

= (and with A = if necessary) precisely coincides with the low energy (closed) 
string action with zero NS-NS 2-form field. But the result is that this action does 
not seem to admit a natural D-brane solution, which immediately gets us into trouble 
because SM fields live on a D-brane. In this section we will show that such a difficulty 
can be avoided if we allow nonzero in the action. 

Turning back to the reduced action (2.4), one can show that the effect of introducing 
nonzero is to make a certain shift in $, A and B. Namely, in the case A = 0, the 
action with the field contents $, A, B and nonzero is equivalent to the action with 
the new fields $, A, B and vanishing : 

I($,A,B) =I($,A,B) , (5.1) 



*i=0 



where $, A, B are given by 

I = $ + F$ , A = A + 4F$ - pF B , B = B + F B , (5.2) 
and F$ and Fb are related with by 

(4<9F$ - pdF B ) + (49$ - pdB)] 2 - (49$ - pdB) 2 = 2e 2 *{d^ l ) 2 , 

(8F B + OB) 2 - (OB) 2 = | e 2 *(<9^ 2 ) 2 . (5.3) 

In (5.3), \l>i = \1> 2 = implies F$ = F B = (we exclude the trivial case F B = 
constant), which means that F<s> and F B are field redefinitions of \&i and ^2- In addition 
to this, F$ and F B also depend on e*; i.e., they are functional of ^2 and e*. (5.1) 
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also holds for the case A ^ 0, but this time we have only one ^i(= That is, <E>, A 
and B are given by 



^ ^ V 1-, A A ( a + 2)P 

$ = $ + -F, A = A - — 

4 4 



and F is related with * by 

2 (a + 2) 



<9F + 



(4 - m) 



(dB + 



(5.4) 



(4 - m) 



(5.5) 



(4 — m)p 

We see that ^ = implies F = as before, and especially for the string theory (a = —2), 
(5.5) reduces to 

(<9F + <95) 2 -(<95) 2 = ^e 2 *(c^) 2 . (5.6) 

Let us consider the field equations in the presence of nonzero (5.2) (or (5.4)) 
shows that by appropriate field redefinitions can be absorbed into $, A, £? (in the 
forms of Fm (M = $, S) or F), and do not manifest themselves in the action. So the 
field equations (and consequently the solution) following from the action with f i ^ 
are expected to take precisely the same form as those following from the action with 

= except that ($, A, B) are replaced by ($, A, B). This implies that for ^ 0, 
(4.20) should be replaced by 



2 9$ J \r=0 



2 9$ J lr=0 



= 



ldF*dV p {$) 



2 9$ dF* 



r=0 



(5.7) 



which shows that (4.22) is not the correct solution for V^,($) anymore. Indeed from 
(5.7), 



where /$ is defined by 



V p (*) = e- 2 V | f=0 

= e- 2 *y (i + /*)U , 



F* = --ln(l + /*) 



(5.8) 



(5.9) 



So in order to admit a Dp— brane (SM-brane) in addition to the background NS-brane 
at f = 0, it is essential to allow /$ to have a nonzero value at f = 0. That is, if we define 



/(0) = V e-*U 



r=0 



(5.10) 
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(5.8) can be rewritten in the form 



V p ($)=e- 2 *V + e-' s > E V n e n * + e"*[/(0) - £ V n e n *] , 



(5.11) 




(5.12) is not a fine-tuning because /(0) is arbitrary. Note that are subject to the 
equations of motion D^j = (with g ab in □ replaced by e^g^) which follow from (2.7). 
However, the boundary values of (or equivalently /$ at r — 0; see also footnote 5) 
can be chosen arbitrarily so as to satisfy (5.12) as we wish, and therefore (5.12) does 
not reduce to a fine-tuning. As a result, the codimension-2 brane at r = is now a 
stack of an NS-brane and a D-brane in the presence of non-zero and in this case the 
boundary values of are determined by the D-brane tension. 

6 Geometry 

Let us turn to the geometry of the (3 +p)d spacetime. In Sec. 3, we found that (3 + p)d 
metric with a codimension-2 brane at r = would take the form (3.30) with e*, e B , £ 
and ip given by (4.1), (4.9) (or (4.11)) and (4.12). Though we have used r— coordinates 
so far, it is also suggestive to introduce new coordinate systems. 
In the case A < 0, we introduce a new variable x defined by 




(a = const.) . 



(6.1) 



If we take the constant a as 



i 2 

m\ ct^ 



(6.2) 



2 |A|r 2 



then from (4.9) and (4.12), vpr 



2 and %m become, respectively, 



^r 2 = rl(x 2 




(6.3) 



and 




(6.4) 



where 



m — 




(6.5) 
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The metric (3.30) now takes the form 



2 ,-(«+2)^ 2 ^-l-i^lfX^y^ 1 - 

< —^■iiV-tr^ 



ds 2 = d^(x-a 

2 d X 2 



a) 



-in 



'd0 2 



\mA\( X 2 -a 2 ) d\- Vx + 

+d B ( X 2 -a 2 r L ^ 1 (^) lB (-dt 2 + dxl) , (A<0), (6.6) 

where Im is defined by 



and therefore 



h = 



m 



Ib — 1 , — 

m m 



(p+1) 1 
4 2 



(6.7) 



(6.8) 



If A > 0, (x — a) (and (x — a )) in (6.6) must be replaced by (a — x) ( an d (a — X ))■ 
We further introduce r\ defined by 



X = a cosh 



7/ 



(6.9) 



then (6.6) becomes 



ds 2 = d, 



-(a+2) 



J__ 2 _ (o+2) 
(2 m m 



4 o ("+ 2 ) 



^sinh a/|A|?7^ m m ^tanh — r^j 



v /jA[ \-2(a+2)/ a 



x 



7^-r<V + a 2 ™ % fsinh a/|A| 77) m ft aim 
m etc V / \ 



-47, 



77 d0" 



(a+2) 



+rf B a-^(sinhv^^ m (tanh^pT?) * ( - dt 2 + dx 2 p ) , (A < 0) ,(6.10) 

and if A > 0, the hyperbolic functions in (6.10) should be replaced by trigonometric 
functions. 

For A = 0, on the other hand, the new coordinate rj is defined by 

7] f r \ ItI 
r? Vr / 

and from (4.11) and (4.12) the metric (3.30) becomes 



(6.11) 



ds 2 = d 



I o\ - 2 1 ( Q + 2 ) /T7\2e[ — -1 
"("+2) t — / \ Lm 



?7o 



2 1 (a + 2) i 

2m J 



-2(0+2)7* 



X 



+d B b~ 2m f^- 



. («+2) 



+27 B 



x 2e (l-£)-4/ e 



(_dt 2 + (A = 0), (6.12) 
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where we have set b /rQ =b . Note that if we take 



k = -\l\ 2 4> (6-13) 
m Tq 



(6.10) reduces to (6.12) in the limit A — > provided that y |A| is replaced with 2/170. 

The above metrics become greatly simplified when a = —2 (m = 2). For a = —2, 
(6.10) becomes 



ct^ V 2 / V 2 / 



ds 2 = ^2 + _u 1 tanh _v_ ^ j d9 2 + d B [ tanh 77 ) ( - dt 2 + dx 2 p ) , (A < 0) , 

(6.14) 

where Ig and Ib are given by Ig = — | and Ib = —\ (note that e(= 7/I7I) must be 
positive in the case A ^ 0, see Sec. 4). For A = 0, on the other hand, the metric is 
expected to be independent of a, as is obvious from (2.1). So in the case A = we can 
choose any value for a (this means that (6.12) is invariant under the change of a), and 
in what follows we will always take a = — 2 (m = 2) in the case A = 0. For a = —2, 
(6.12) reduces to 

ds 2 = (-) 2M rf^^(-)^^^(-) 2 V fi2 + ^). ( A = °)> ( 6 - 15 ) 
\r] J d| \7] J \rj J p> 

where Ig = — | and Ib = — § I- 

Finally, the dilaton is given in the 77— coordinates by 

d® a 2fc * ( sinh ^\K\r]) 2H ( tanh v^v|77/2) 2/ * {e=+1) , for A < , 
e* = { (6.16) 

d*b k *(r)/r)o) 2ek * +2U , forA = 0, 

which reduces for a = — 2 (m = 2) and / = to 



5f s /cosh A/|A|r?/2 , for A < , 
e* = <J (6.17) 

for A = , 



where g s is defined by 

'd^a~^/y/2 , for A < , 
d$b~* , for A = . 



(6.18) 



The constant g s in (6.17) plays the same role as the asymptotic value g s of the theory 
with an ordinary NS5-brane. It can be taken to have any arbitrary desired value in 
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(6.18) by choosing d$ properly. In our case we will take g s — > 0, which corresponds to 
cf$ — > 0. The theory with NS-branes (or D-branes) in the limit g s — > is not new as 
mentioned in introduction. Such an idea can be found in the literatures on LST, where 
they consider the limit g s —>■ by which the bulk degrees of freedom decouple from the 
degrees of freedom of the brane, and one is left with physics on the brane. (Another 
example of using g s —>■ can be found in AdS/CFT correspondence where the gauge 
coupling (7ya/ ( = 9 s) g° es to zero, while the rank N of the gauge group (or the number of 
D-branes) goes to infinity in such a way that Ng\ M is held fixed.) In this paper we are 
essentially considering the same limit as those of these theories. Also, there is another 
important reason for considering the limit g s — > 0. In our brane world models, taking 
g s — > naturally accords with the hierarchy conjecture as we will see in Sec. 11. If we 
assume M s ~ TeV and p max ~ TeV^ 1 (where M s is the string scale: M s = 1/a/o', and 
Pmax is the size of S 2 ), g s is estimated to be g s ~ 1CT 16 , which, however, is just a realistic 
value of the decoupling limit g s — > 0. 

(6.17) shows that e* becomes the constant g s as we approach the background NS- 
brane (77 — > 0). This contrasts with the case of the ordinary NS5-brane of the type 
IIA or type IIB string theory where e* diverges in the vicinity of the NS5-brane. The 
reason why this happens is that the NS-brane discussed in the present paper is not the 
real BPS object of the string theory (see footnote 2). Had it been a BPS-brane with 
(magnetic) charge N, we would have had e 2 * ~ —g 2 Nlnr] (for A = 0) near rj = 0, as 
can be inferred from the usual NS5-brane solution e 2 * = g 2 (l + Na' /rj 2 ) which becomes 
e2$ ~ 9s^ a '/v 2 as V — > 0. So e 2 * would have diverged as i] — ► 0, just as in the case of 
the usual NS5-brane. In general e* diverges in the vicinity of the (BPS) NS-branes, and 
this divergence near singularity gives rise to an introduction of a new parameter (= gi st ) 
in LST [20, 21J, which serves as an effective string coupling on the D-branes stretched 
between N background NS5-branes. We will be back to this point later (see footnote 4). 

By (6.18), one can estimate the constant r^/ci 2 appearing in the metrics (6.14) and 
(6.15). Using (6.2), (6.13), (6.18), and the relation = d$ 2 d 2 B which follows from 
H — 2$ 2 2£, one finds for / = (and for a = —2) 



where we have used the fact that <ie = ( r o/^o)'° 5 when a = —2 (see (6.4) and (4.18)), so 
ds = 1 for I = 0. After all this, we observe that the (3 + p)d metrics essentially depend 
on V p (&) only through the constants I and a^. In the next section we will show that the 




for A < , 



for A = 



(6.19) 



shifts in / and due to quantum corrections to the D-brane tension are of an order g 2 , 



15 



which implies that the change of the bulk geometry (including flat intrinsic geometry of 
the brane) due to quantum corrections to the D-brane tension is extremely suppressed 
in the limit g s — > 0. 

7 V p (^-independent bulk geometry 

In the usual self-tuning brane world models, the intrinsic geometry of the brane is 
not affected by the brane tension V p ($), but the geometry of bulk spacetime is always 
affected by (the change of) V p (<&). For instance in 6d (or codimension-2 brane world) 
models, the presence of a flat brane with the tension V P (Q) causes a deficit angle in the 
transverse dimensions the magnitude of which is proportional to V p (<&). Thus a change 
5V P (&) in V p (Q) necessarily causes a corresponding change in the deficit angle, and this 
could lead to a failure of the self-tuning scheme. The V p (<&) — dependency of the bulk 
geometry, however, can be avoided by introducing background NS-brane; it is extremely 
suppressed in the limit g s — > due to the presence of the NS-brane. In this section we 
will show that the bulk geometry is really practically unaffected by the shift 5V P ($) in 
the limit g s — > 0. 

In Sec. 5 we have seen that the solutions with f 8 ^ (i.e., I ^ 0) are basically self- 
tuning solutions. With I ^ 0, the relation (4.18) can be expressed in terms of V P (Q>) and 
dV p (<$>)/d<$> as 



(a 



2)dV p ($) _ . r(a + 2)(p+l) T ,_ , [(a + 2){p + 1) + 4] dV p {<$>) 



° V >W + * 4 dl 1 [ 'f^W ' 8 9$ 

(7.1) 

where V p (<&) represents a sum of the tensions of the D-brane and the NS-brane; Vp(<&) = 
Vd(§) + V/vs(<E>), each of which is assumed to take the form 



Vb(S) = e"* V^e n * , V NS (*) = e- 2 *V (NS) . (7.2) 



n=0 

Substituting (7.2) into (7.1) gives an oo— th order equation for g s (= e* 



r]=0 r 

oo 



n=0 



where 



cg> = [fci + (n - ltf»<fc + [*! + (n - 2)**] ^ (iV5) <5, 



nO 



a + 2)(p+l). , _(Z + 2) , (a + 2)r(p+l) J ll 



fci = -ct H / , fc 2 = — h 



4 l ~2 



(7.4) 



16 



Since du are combinations of V p (<&) and dV p (<&)/d<&, the constant I would also depend 
on Vp(&) and dV p ($>)/d$>, or equivalently on infinite numbers of Vn°^ and V^ NS \ Thus 
solving (7.3) for / (assuming that it can be solved) gives / in terms of Vn^ and Vq NS ^ 
for a given value of g s . 

Though we wish to solve (7.3) for I for a given value of g s , it is convenient to begin 
with an assumption that (7.3) is an n— th order (oo— th order in fact) equation for g s . 
To solve (7.3), rewrite it as 



(P+l) , 3 
8 4J 



+ <^ 2 + (a + 2) 



(P + l) 



(7.5) 



(7.5) has a peculiar form. The n-th order coefficients Vn D ^ appear as an (n + l)-th order 
coefficients in (7.5). Equation (7.5) admits real solutions representing the limit g s — > 
for a certain value of /. Neglecting higher-order terms for a moment (and assuming that 
I is not infinitely large), one finds that the first two terms in (7.5) can cancel each other 
when IVq NS ^ is much smaller than Vq D \ To be precise, (7.5) requires 



vr/vi NS) h 



(7.6) 



provided the higher order terms are neglected. This is important. (7.6) implies that I 



should be as small as g s iiV^ NS) is of the same order as Vq ; i.e., I ~ g s if V c 



(D) 



r(NS) 



Vr 



(In string theory, Vq NSS> and both take the same value Vq D ' NS ^ ~ 1/a' 3 for p = 5.) 
So if g s — * 0, Ib and similarly are practically not different from their values with 
/ = 0. In the previous section we have observed that the (3 + p)d metrics depend on 
V p (&) only through the constants / (i.e., I) and a^. Apart from a^, this implies that the 
bulk geometry is practically unchanged by an addition of the SM-brane (the D-brane) 
to the background NS-brane. Note that S2 with an NS-brane alone corresponds to I — 
(y&i = 0), while £2 with both SM- and NS-branes corresponds to / ^ (^ 7^ 0). 



Once / is determined at the tree-level for the given values of V c 



(D,NS) 



the effect of 



the higher order terms can be obtained by adding 51 to /, where 8l(— 51) is the shift in 
I due to quantum corrections to the tension of the SM-brane. As is obvious from (7.5), 
51 is proportional to g^; i.e., 



51 



vf D) /vi NS) ) 



9l 



(7.7) 



To estimate the magnitude of 51, first consider the case where the gauge coupling is 



simply given by g\ M ~ g s a 



,(p-3)/2 



, and /Vq NS ^ is of order the unity. In this case 51 
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is simply 

«~4«'" M , (7-8) 

i.e., the shift in I due to quantum corrections to the brane tension is suppressed with 
the factor g YM . 

There is a different way of viewing (7.7). Suppose that Vd($) is written in the form 

V n iD) ( - \ 

VbW = - 5 — (1 + £ m„<? n ) , (7.9) 

where the terms with n > 1 describe the quantum corrections to the brane tension 
due to SM-fields living on the D-brane. The coefficients m n are dimensionless, and 
n^n ~ 0(1) provided n is not very large. The constant g is a dimensionless (effective) 
coupling defined on the D-brane, and jym is now given by g\ M ~ ga^ p ~ 3 ^ 2 , while 
g s is taken to be g s — > 0. The expansion (7.9) may be applied to both cases where 
the quantum corrections are dilaton dependent, and where the quantum corrections are 
dilaton independent. In the former case the coupling g is given in terms of g s (see (7.10)), 
and it becomes an analogue of gi st of LST0 where the effective coupling on the D-brane 
is given by gi st , while the coupling to the bulk modes behaves as g s (i.e., while Vd($) 
is given by Vd($) ~ l/a >( - p+1 ^ 2 g s at the tree level, its quantum corrections should be 
expanded in the SM coupling gyM, or equivalently gi s t). Comparing (7.9) with (7.2) one 
finds that 

and (7.7) becomes 

5l~g YM g s a'- {p - 3)/2 . (7.11) 

So the shift 51 is suppressed with the factor ~ g YM g s this time. Finally, in the case 
where the quantum corrections are dilaton independent, g simply represents the SM 
coupling gYM (through the equation g YM ~ ga'^ p ~ 3 '' 2 ) which is now independent of g s . 
But in this case too, one can show that 51 is also given by (7.11). So in any case, the 



4 As mentioned in Sec. 6, LST admits an effective coupling gi st on the D-brane [20j . gi st is denned by 
gist ~ 9s I LM S , where L represents the separation of the N NS-branes which are distributed uniformly 
on a transverse circle in moduli space. In the double scaling limit g s ,L — > with g s /L held fixed, 
gist takes a certain finite value and it plays a role of the effective string coupling on the D-branes 
stretched between N NS-branes. So in order to define gut, it is necessary to have a configuration 
that there are N (BPS) NS-branes sitting around the singularity. In the present paper, however, we 
are only considering a brane world scenario which uses LST, rather than being LST itself, only as a 
partial analogue of the theory, and we simply assume (without extending to the configuration with N 
(BPS) NS-branes) that an effective coupling g (which is dimensionless, and associated with gyM by the 
equation g Y M ~ gcx'^ p ~ 3 ^ 2 ) is intrinsically defined on the D-brane (SM-brane) as an analogue of gi s t of 
LST. 
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change of the bulk geometry due to quantum corrections is extremely suppressed in the 
limit g s — > 0. 

In the above discussion we have implicitly assumed that (7.3) can be solved for g s . 
But in reality, it is impossible to solve the oo— th order equation, and we are only allowed 
to solve the n-th order equation with finite n (perhaps for n < 4). For instance if n — 2, 
the equation takes the form 

c?9 2 s+c?g s + c^ = 0, (7.12) 
where do not include g s . (7.12) admits real solutions for g s as long as the condition 

))2 _ 46 (0 6 (0 > o (7.13) 

is met. For (7.5), and for a = — 2 for simplicity, the condition (7.13) reads 

(1 _ l f (yP))2 + 81V {NS) V} D) > , (7.14) 



and the solutions becomes 



9s = 



{1- ^±^(1-^(^ + 81^^ 



/4V; (D) . (7.15) 



r(NS,D) 

' n 



(7.14) does not lead to a fine-tuning of Vn NS ' D \ It only restricts the ranges of Vn 
Also one can check that one of the solutions in (7.15) reduces to g s ~ IV {NS) /V {D) for 
I — > 0, which is just the one that we have obtained in (7.6). The other solution in 

(7.15) reduces (upon using ~ Vq NS ^) to g s ~ —Vq D ^/2V} DS) for I — > 0, which may 
correspond to the strongly coupled case for either /V^ ~ 0(1) or Vq D ^ /V^ ~ 
g s /g (see (7.10)), and should perhaps be discarded in the framework using perturbation. 

So far we have concentrated on the constant I. But the (3 +p)d metrics also depend 
on (as well as /) as observed in Sec. 6. But still, one can show that their geometries 
are virtually unchanged by an addition of the SM-brane though the effect of 5a^ is taken 
into account. In order to see this, define a constant k as 

where a^{Vn{^) + V/vs(<I>)) represents the value of when the brane at rj = is a 
coincident brane of the SM- and the background NS-brane, while a^(VNs(^)) the value 
of when the brane at rj = is simply an NS-brane. From (4.7), (7.2) and (7.16), one 
obtains 

kvr + 1 [ (« + 2)6, + l) _ ^ <D)g> + (a + 2^+1) v , D)fl , + _ Q _ p 1?) 
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and the same analysis made for (7.5) can be applied just as it is to this case too. One 
finds k ~ g s , implying (together with I ~ g s ) that the (3 + p)d geometries are virtually 
unaffected by an addition of the SM-brane in the limit g s — > 0. Similarly, the shift in k 
becomes 5k ~ g 2 s (In the case a = —2, it is even smaller; i.e., 5k ~ g%.) as before, so the 
change of the (3 + p)d geometry due to quantum corrections is extremely suppressed in 
the limit g s — > 0. 

8 Codimension-1 brane as a T-dual of codimension- 
2 brane 

In Sec. 4, we found that solution to the set of field equations takes the form of (4.1) with 
ijj(r) given by (4.9) or (4.11) according to whether A ^ or A = 0. In the case A ^ 0, 
(4.9) is valid only when 7 is positive. But in the case A = 0, (4.11) is valid for both 
positive and negative 7. So far we have assumed that the brane at r = (or rj = 0) is 
a codimension-2 brane. But codimension-2 brane can exist only when S 2 is closed at 
r = 0. In some cases £2 fails to be closed at r = 0; rather, it spreads out (i.e., ^fg~ee 
diverges) there. Whether £2 is closed at r = or not entirely depends on the signature 
of 7. When A 7^ 0, £2 is always closed at r = (77 = 0) because 7 must be positive in 
the case A ^ 0, and 2 — (4/m) — 4/g = 2 > in (6.10) for positive 7. When A = 0, on 
the other hand, (6.15) shows that while £ 2 is closed at r = (rj = 0) if e > (r > 0), it 
spreads out as r — > (77 — > 0) if e < (r < 0). So the brane at r = is a codimension-2 
brane in the case e > 0, while it is necessarily a codimension-1 brane in the case e < 0. 
In the following discussion, we will identify these branes as certain limits of the type II 
codimension-1 brane introduced in Appendix. 

Once these branes (of the case A = 0) are identified with the type II codimension-1 
branes, we observe that they are T-duals of each other provided that they have the same 
mass. In order to see this, return to the metric (6.15). For e > 0, (6.15) becomes 



These two metrics are related to each other by a duality transformation. We see that 
one of them is converted into another by a transformation 



ds 2 >0 = d V 2 + r h^-) 2 de 2 + d B (!*)'( - dt 2 + da*) , 



(8.1) 



while for e < 0, 



ds 2 <0 = (^)% 2 + r l(^) 2 de 2 +d B (^y(-dt 2 +dx 2 p ) . 



(8.2) 



7) 




(8.3) 
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and if we identify r] with the string length \fa! , (8.3) becomes a (closed string) T- 
duality transformation of the string theory. Codimension-1 branes can be obtained from 
(8.1) and (8.2) by fixing r\ to a constant ; i.e., r\ = r) c , where r\ c represents the position 
(or the radius) of the branes in the 77— coordinates. If these two codimension-1 branes 
have the same mass, they are T-duals of each other because they are related by the 
duality transformation (8.3), and the total mass of the brane is conserved under duality 
transformation. Let us identify these branes as the type II codimension-1 branes, and 
take i] c — + 0. The codimension-1 brane of the case e > then shrinks by i] c — > to 
a point to become a codimension-2 brane, while the other one of the case e < still 
remains to be a codimension-1 brane. But still, these two branes are related by (8.3), 
and they have the same mass because the total mass of the type II codimension-1 brane 
is preserved under the variation of i] c . So they are T-duals of each other. 

Let us consider the codimension-1 brane of the case e < 0. We assume that this 
codimension-1 brane is located at r = for the moment. Since this brane exists only 
when A = 0, it is described by 

^ = (8.4) 

(kl/ro)' 27 ' 

and 

i M {r) = d M (P-) aM . (8.5) 
f 

One can check that (8.4) and (8.5) satisfy the field equations (A. 13) with A = 0, and 
(A. 14), respectively. (8.4) and (8.5) show that there is a reflection symmetry about the 
brane at r = 0. We take this codimension-1 brane as an orbifold fixed line; i.e., we 
identify every point of the region r < with the corresponding point of the region r > 0, 
and then take the region r > as a fundamental domain. Note that extra factor two has 
been multiplied on each au in (A. 13) and (A. 14). It reflects the fact that the orbifold 
fixed line at r = is an overlap of two codimension-1 branes each of which belongs to 
the corresponding regions r < and r > 0. So the tension V p+1 (&) (and consequently 
ajf) must be doubled. 

So far we have assumed that the type II codimension-1 brane is placed at r = 0. 
However, we want the brane at r = to be a codimension-2 brane because we want to 
set our SM-brane (a codimension-2 brane) at f = 0. Thus in the followings, the type II 
codimension-1 brane will be moved to r = r m (or 77 = i] m in the 77— coordinates), and it 
will serve as a T-dual of the codimension-2 brane at f = (see the case III of Sec. 10). 
So in the present paper we always consider the case where S 2 is closed at r = 0. 
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9 Matching conditions 



According to the metrics in Sec. 6, two extra dimensions of £ 2 form an infinite volume 
space, which may need to be compactified anyhow. In order to avoid such noncompact 
extra dimensions, we introduce a codimension-1 brane (= brane B) at a finite distance 
from the codimension-2 brane at r — 0. Because this codimension-1 brane is expected 
to be an ordinary codimension-1 brane, we begin with the field equations for the type I 
codimension-1 brane introduced in Appendix. We assume that the brane B is placed at 
r = tb- 

The field equations (A.3)-(A.5) require the fields to satisfy the matching conditions 



d In Rjj 



dr 



din Rj 



r=r B 



dr 



= -K 2 C\ 



(P+l) 



r=r B 
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dr 



r- 



r=r B dr 

dB u 



r=r B 



(p+i) 



dr 



dBi 

r=r B dr 



2n 2 c ( r 1] 



r=r B 



in addition to 



(9.1) 

(9.2) 
(9.3) 



R, 



\r=r B 



R 



ii 



\r=r B 



=r B 



=r B 



\r=r B 



(9.4) 



where the indices I and II represent the regions r < r# and r > tb, respectively. In 
the region I, a coincident brane (of the SM- and the background NS-branes) is placed 
at f — 0, and we want this to be a codimension-2 brane (see Sec. 8). In the region II, we 
want a corresponding brane to be placed at r = 2t\b(= r m ) by reason of symmetry. So 
the configuration is that we have a codimension-2 brane at r — 0, and a corresponding 
brane at r = r m (which can be either the type II codimension-1 brane, or a codimension- 
2 brane), and finally a type I codimension-1 brane (= brane B) in the middle, i.e., 
at r = rs- The whole internal space S 2 thus consists of two parts; i.e., the region 
I(= < r < r B = S 2 j) and the region II(= r B < r < r m = S 2 //), where r m = 2r B as 
defined above. 

In the region I, ip(r) and im{t) are due to the brane at r = and directly given 
by (4.9)(or (4.11)) and (4.12), respectively. In the region II, vp(r) and i M (r) are due to 
the brane at r = r rn and also given by (4.9)(or (4.11)) and (4.12), but this time r is 
replaced with r m — r. That is, we construct S 2 by gluing E 2 // onto £ 2 j with left and 
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right reversed. We have 



boir- 2 



bour 



-2 



ci/(r/r /) 7/ ± c 2 i(r/r 0I ) 
cui((r m - r)/r QIi y n ± c 2 n((r m - r)/r n) 



■in 



and 



(r/r 0I ) 



iM\r) 



{(r m -r)/f 0II ) 



("Mil 



(region I) 



(region II), 



(region I) 

(region II), 

(9.5) 



(9.6) 



where q are given by C\ = c 2 = 1 for A ^ 0, and c\ — 0, c 2 — 1 for A = 0. Also, the 
constant b is b = ±(87 2 /mA) for A ^ 0, and arbitrary for A = 0. Substituting (9.5) 
and (9.6) into (9.1)-(9.3) gives 



OtRI + OL Rn = B\ , «$/ + 

where B\ and B 2 are given by 



^^-B 2 - X -B x , a m + a B n = -2B 2 



B 1 = K 2 C { r +1) + -Y , 
m 



Bo = k 2 C. 



+ 



{a + 2) 
2m 



where 



_ [cuXj =f c 2/ X / x ] [ciz/X// =f caz/X^ 1 ] 

y o = 7/7 ; ^rrr + 7// | 



A 



[cuX/ic^X/ 1 ] ' ,11 [c in X II ±c 2n Xrf] ' 
Recalling (4.16), one finds that (9.7) can be solved by setting 

B 1 = B 2 = , 

and therefore 

olmi + olmii = , {M = R,^>,B) 



(9.7) 



(9.8) 



(9.9) 



(9.10) 



(9.11) 



With y&j = 0, (9.11) reduces to a fine-tuning of V p (<&). But in the case A = 0, once 
is "turned on" (9.11) does not restrict V^($) anymore. The reason is as follows. In 
(9.11), the number of independent equations is only two (instead of three) because they 
are related with each other by (4.16). The number of independent a« is also two because 
they depend only on two independent functions V p {<&) and dV p (Q)/d$ through C\ and 
C 2 ; i.e., four oim contain only two independent degrees of freedom (indeed, four ajf with 
M = R, $, B, £ are related with each other by (4.15), and (4.16) as well). So the two 
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degrees of freedom Vp($) and dV p ($)/d& are fixed by the equations in (9.11). If is 
"turned on", however, the situation changes. C\ and C 2 (and therefore cx,m) are now 
going to include two more degrees of freedom F$ and F B (see (3.26) and (5.2)); i.e., q>m 
become qm = om(Ip($), dV p (&)/d&, F B ). Thus this time the two independent 
equations in (9.11) can not restrict V p {<&) anymore§ due to the presence of the extra 
degrees of freedom F$ and F B , and therefore (9.11) does not reduce to a fine-tuning 
of V^($) when 7^ 0. In the case A ^ 0, however, the self-tuning of V p (<&) is not 
guaranteed since in this case we have only one extra degree of freedom, i.e., F. 

Turning back to the matching conditions, it is convenient to replace the conditions 
in (9.4) by 



and 



= , (9.12) 



iMll = iMIll • (9.13) 



The condition (9.13) can be easily satisfied if we take 

roi = foil = r B ■ (9.14) 

But (9.12) gives a condition 



b 0I c u X I ±c 2I X I 1 = b 0II cmXjj ±c 2II X II 1 , (9.15) 
by which, (9.9) reduces to 

[cuXj T c 2I Xj l ] 
[c XI Xi ± c 2I Xj 
Also from (4.10) one finds that (9.11) implies 

li + ln = -> Y = (9.17) 

provided m (or a) takes the same value at both regions of E 2 , and (9.17) in turn implies 
(by (9.8) and (9.10)) that 

c (p+D = c (p+D = (9 _ lg) 

This is interesting. If A couples with the dilaton in the same form at both regions of £2 
(but see also the case I of the next section), we do not need to introduce the brane B in 
order to satisfy the matching conditions at r = r B . They are automatically satisfied as 
long as (9.11) and (9.15) are met. 



5 In this case, (9.11) only determines the boundary values of F$ and Fb, or equivalently the values 
of "Ji at r — and r — r m . have been introduced in the action in order to compensate the D-brane 
tensions at the boundaries r = and r = r m , where the D-branes are assumed to be located. So, what 
really matters is just the boundary values of ^ at r — and r = r m , not the functional form of 
between r = and r = r m . Indeed, the equations of motion for are second order equations, i.e., 
□V^i = with g a b in □ replaced by e g a b as can be obtained from (2.7). So the boundary values of 
at both r — and r — r m can be chosen to compensate the D-brane tensions as we wish. 



24 



10 Brane world models 



In this section we will consider various types of brane world models satisfying the match- 
ing conditions of the previous section. In the followings we will restrict our discussion 
only to the case where |7/| = \"fn\ in consideration of symmetry. Also we will assume 
that the value of A of the region I (= Aj) can be different from that of the region II 
(= A/ 7 ) . 

(a) case I (Ai ^ 0, A n ^ 0) 

Since 7 must be positive in the case A 7^ 0, 7/ and 7// are both positive constants, 
i.e., 7/ = 7//, which agrees with (9.11) only if m; = —mu, where m^;/ represent the 
values of m at region I and region II, respectively. Having different m at each region 
means that A couples with dilaton differently at each region. As an example, consider a 
case where a = — 2 (m = 2) in the region I, while a = (m = — 2 assuming that p = 3) 
in the region II. This describes a model in which A couples with dilaton with a factor 
e~ 2 * in the region I, while it does not couple with dilaton in the region II. Since mj = 2 
and mi j = —2, 7^/j become 7/ = — a^i and 7// = a^n, respectively, and (9.11) implies 
7 1 = In- 

The analysis of Sec. 9 was based on the assumption that ai = an = a (mi = mu = 
m). If ai 7^ Ota {mi 7^ mu), £>i and B2 in (9.8) must be modified. Upon using (9.15), 
they are modified to 

— ii 



B 1 = ^&r l) + 2(1L + j Cl/Xj — ° 2lX \] , (10.1) 
1 Vmj m n J [c u Xi ± C21XT 11 



B 2 = K 2 Ct 1] + \ 



7/ , / , n\ 7// 



[ ClI Xi t C2/A7 1 ] 



ai + 2)-ii- + (an + 2)-^- 1J 1 ' ZJ 1 ' . (10.2) 
mi V ! mii\ [c u Xi ± CziXj 1 } V ; 

In the case mi = —mu (and 7/ = 7//), (10.1) reduces to B\ = k, 2 c[ p+1 \ and consequently 
Bi = implies 

C[ p+1) = -> V p+ i($) = . (10.3) 

So the brane B is unnecessary even in this case. Since (10.3) also implies c!f +1 ^ = 0, 
the condition B 2 = requires 

where we have set 7/ = 77/ and cu = C2/ = 1. For ai = —2 (mi = 2) and an = 
(m/ = —2), (10.4) is satisfied only when Xi = Xj l (and therefore when A > 0), or 
equivalently when 

tqi = r on = r B , (10.5) 
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which together with (9.14) implies (see the definition of du in (6.4)) 



Ami — <Amii — 1 • 



(10.6) 



Thus in this case the integration constants f and r (and therefore <1m) are all fixed by 
the matching conditions. Finally, the geometry of the bulk spacetime is described by 
(6.10) (or (6.14) in the case a = —2) at both regions of E 2 . 



In the case II (and in the case III) mj and van do not have to be different from each 
other, and in the followings we will restrict our discussion only to the case mj = van = 2. 
Since m; = mjj, the whole discussion of Sec. 9 can be applied to the case II (and the 
case III). The brane B is unnecessary, and the matching conditions to be met are those 
in (9.11), (9.14) and (9.15). Since mj = m n , (9.11) implies •jn = —7/ < 0, which is 
allowed only if K n = 0. (9.15) therefore reduces to 



where b$i is given by &oj = ±(47j/Aj), but bon is arbitrary. So (10.7) can be satisfied 
for any r j jj if 6 jj is chosen properly. Since r jjj are arbitrary, cImiji are not fixed by 
the definition of cIm in (6.4). The geometry of the bulk spacetime is given by (6.14) in 
the region I, while it is given by (6.15) in the region II. 



In the case III, we only need to consider the case mj = van = 2 (recall that we have 
decided to take a = —2 (m = 2) in the case A = 0, see Sec. 6). So the whole discussion of 
Sec. 9 can be applied to the case III either; the brane B is unnecessary, and the matching 
conditions to be met are just (9.11), (9.14) and (9.15) as before. But in the case III, 
(9.15) reduces to 



where 6 j and b n are both arbitrary. Since b jji are arbitrary, (10.8) can be satisfied 
for any arbitrary Tqiji, and therefore cImiji are not fixed by the matching conditions. 
(9.11), on the other hand, implies that 7/ = —7// > 0, so S 2 is closed at rj = (r = 0) 
(note that the bulk geometry of the case III is given by (6.15)), while it diverges at 
V — Vm ( r — r m)- Thus the brane at 77 = is a codimension-2 brane, while the one 
at r\ — r) m is necessarily a codimension-1 brane. If we identify these two branes as the 



(b) case II (A r ^ 0, A„ = 0) 



b OI [x I ±xy 1 ] = b 0II x 



-1 
a 1 



(10.7) 



(c) case III (Ai = A n = 0) 




(10.8) 
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r] c — > limits of the type II codimension-1 brane, they become T-dualgj of each other 
because they have the same mass (note that |7/| = \jn\ in the above). 

So far we have considered three types of brane world models satisfying the matching 
conditions, and in all these three cases the brane B at r = r% is unnecessary. Among 
these, the case I and case II are somewhat special in the sense that A or its dilaton 
coupling is not uniform in the whole regions of £ 2 . Besides this, the self-tuning of V p (&) 
is not obvious in the case I due to lack of extra degrees of freedom which is needed to 
avoid the fine-tuning of V p ($) (see Sec. 9). ( Also in the case I, (10.6) is not consistent 
with cf$ — > 0.) Of the most interest is the case III, which is also natural in the context of 
string theory where A is absent in ordinary circumstances. In the next we will be back 
to the case III to go into more details about the brane world model with A = 0. 



The self-tuning brane world model with A = includes two coincident branes, one of 
which is a codimension-2 brane placed at ff = (the origin of £ 2 ), another a codimension- 
1 brane placed at r\ = r\ m (the edge of £ 2 ). These two branes are (anti) T-duals of each 
other, and related by the duality relation (8.3). So the codimension-2 brane in the 
rj— coordinates becomes a codimension-1 brane in the fj— coordinates, and vice versa. 
Namely, these two branes interchange their shapes under (8.3), and one of them is 
identified with our SM-brane (plus the background NS-brane). 

Let us turn to the geometry of £ 2 especially in the vicinity of ff = 0. Since the bulk 
geometry is practically unaffected by the SM-brane (see Sec. 7), we simply consider the 
case where Vd($) is "turned off" and there is only a background NS-brane at ff — 0. 
With V D (&) turned off (I = 0), (8.1) can be written as 



where (3 is a dimensionless constant associated with a deficit angle 5 defined by 5 = 
27r(l — (3). According to the string theoretical description (6.19), (3 becomes (3 = g 2 a^ 
and further, since a ? = k 2 V p {<5>)/27t (note that V p {&) = (-l/2)dV p (<£>)/d<S> for I = 0), 
and V p (<&) (= Vns(&)) ~ \ / a'^ 1 ^ 2 g 2 s in the string theory, (3 finally becomes 



where M s is the string scale : M s = l/l s = \/ya'. If f3 = 1, S 2 is simply i? 2 . But if 

(3 = 1/n, E 2 becomes an orbifold R2/Z n with an orbifold singularity at ff — 0. But in 

6 To be precise, they are "anti T-duals" (rather than T-duals) of each other in the sense that their 
masses are equal in magnitude, but opposite in sign (see (9.11)). 



(d) case III again 




(10.9) 




(10.10) 
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both cases (3 should be of order one; (3 ~ 0(1), which is naturally connected with the 
hierarchy problem. Namely in (10.10), M s and M 3+p should be of the same order in 
order that (3 ~ 0(1), which accords with an assumption [H El IB] that there exists only 
one fundamental short distance scale (i.e., the electroweak scale tuew) in nature. 

11 4d planck scale 

In this section we will restrict our discussion to the case p = 3 to evaluate the 4d Planck 
scale M p i. The fmiteness of M p i is closely related with the localization of the zero mode 
of the 4d graviton. We will also concentrate our attention mostly on the case III among 
the three cases of Sec. 10. Finally we will use / = by the same reason that was used to 
obtain (10.10). 

In the case III, the 6d metric is given by (8.1) in the region I (0 < rj < t]b), while it 
is given by (8.2) with r] replaced by r\ m — r\ in the region II (t]b < r] < r] m ) (also i] must 
be identified with t)b in order that two metrics match each other at rj = t]b)- For this 
metric, M p i is given by 

where we have used (6.17) (together with (6.13)) and the relation = d~^d\. In (11.1), 
r represents the thickness (we assume that every brane has the same thickness) of the 
branes in the r\— coordinates. In the thin brane limit, r vanishes. But in reality, branes 
have nonzero thickness and r takes some nonzero value. Neglecting r 2 term, one finds 

Ml = 2vr Mj W p 2 max , Ow 5^), (11-2) 

a,B t 

where p ma x m &y be identified with the size of the codimension-1 brane, or equivalently 
the size of S 2 ; indeed, if the codimension-2 brane has a size (thickness) r, then the 
codimension-1 brane must have a size i] B /r(= p max ) by (8.3) because they are (anti) 
T-duals of each other. Since = k 2 V p (^)/2tt for / = 0, (11.2) finally becomes 

\V P ($)\p 2 max , (H-3) 

where we have set d B = 1 (note that as = for / = and a = —2). (11.3) contrasts 
with the conventional equation [2] 

M 2 pl ^ Mt p 2 max . (11.4) 

In (11.4), the 4d Planck scale M p \ is given in terms of the 6d Planck scale Mq. But in 
(11.3), M p i is not directly given by M 6 (M| was cancelled out in (11.3)); it is determined 
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by the brane tensions and the size of the extra dimensions. But if we use V p (<&) ~ 
V)v 5 ($) ~ l/a' 2 g 2 , (11.3) can be written in terms of M s : 

Ml ~ ^tp 2 max , (11.5) 

where M s is the string scale: M s = l/l s = l/yfa' as mentioned before. In some sense, 
(11.5) may be considered as a string theoretic generalization of (11.4); (11.5) reduces to 
(11.4) if we identify 

M 4 

M' t t= -J- , (11.6) 

which is just an analogue of the string theoretical definition of the lOd Planck scale: 
Mf = Mg I ' g\. In the limit g s — > 0, however, (11.6) is unnatural because it implies 
Mq/M s — ► oo as g s —>■ 0. (11.6) may be senseful perhaps when g s ~ 0(1). That is, the 
identification of (11.5) with (11.4) may not be valid in the weakly coupled case g s — ► 0. 

There is a different way of viewing (11.5). If we take an assumption that tuew is 
the only fundamental short distance scale in nature (i.e., if we assume that M s ~ TeV 
and p max ~ TeV" 1 ), then g s expected from (11.5) would be ~ 1CT 16 , which is just the 
realistic decoupling limit considered in "Little String Theories at a TeV" [20]. 

Finally, M v \ of the case II (of Sec. 10) is similar to that of the case III. For mj = 
mii = 2 (ai = an = —2), it is given by 

M '^ M ^ {w\fy^ mM SZ'^w) • (1L7) 

Note that (11.7) reduces to (11.1) in the limit A — > 0. For the case I, we will not give 
a precise value of M p i, but it is obviously finite even in the thin brane limit r — > 0. 
Omitting t]b— dependent hyperbolic functions, it is of order ~ |V^($)|/|A|, or in 
terms M s it is given by ~ M 4 /\A\g 2 s . But as mentioned before, the self-tuning is 
not guaranteed in this case. 



12 Summary 

In this paper we have presented a new type of self-tuning mechanism for (3 + p)d brane 
world models in the framework of gravity- scalar theory. Each model contains two co- 
incident branes each of which is a stack of a D-brane (SM-brane) and a background 
NS-brane. Among these models, of the most interest is the case with A = 0, which is 
not only interesting but also natural in the context of the string theory. In this model, 
one of the coincident branes is a codimension-2 brane placed at the origin ff = of the 
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2d transverse space X 2 , while the other is a codimension-1 brane placed at the edge of 
S 2 . These two branes are (anti) T-duals of each other, and interchange their shapes 
under duality transformation, and one of them is identified as our SM-brane (plus the 
background NS-brane). 

The given models exhibit a remarkable feature. In the limit g s — > 0, the bulk geom- 
etry (as well as the flat intrinsic geometry of the branes) is practically insensitive to the 
quantum fluctuations of SM-fields with support on the SM-brane. This can be achieved 
by introducing NS-brane which serves as a background brane on which our SM-brane is 
to be set. Indeed, the existence of the background NS-brane is naturally suggested by 
field equations, which impose a certain restriction on (the dilaton coupling of) the brane 
tension so that the background brane must be of the NS-NS type. In the presence of 
this NS-brane the 2d transverse space S 2 becomes an orbifold B,2/Z n with a deficit angle 
5 = 2n(l — f3) where (3 ~ (M s /M 3+P ) 1+P . So in order that (5 becomes of order one, the 
(3 + p)d Planck scale M 3+p should be of the same order as the string scale M s , which 
accords with the hierarchy conjecture that there may exist only one fundamental short 
distance scale in nature. 

Now introduce the SM-brane on top of the background NS-brane placed at the orb- 
ifold singularity. Such an introduction of an SM-brane usually affects the geometry of 
bulk spacetime due to the tension of the SM-brane. In our case the effect of the (brane 
tension of the) SM-brane on the bulk geometry is essentially expressed in terms of the 
parameters / and k. So they take nonzero values in the presence of the SM-brane, while 
they vanish in the absence of the SM-brane. In the given models, however, the incre- 
ments in / and k due to an introduction of the SM-brane is negligibly small; they are 
all of the order ~ g s , so they go to zero in the limit g s — > 0. The shifts in / and k due 
to quantum corrections to the brane tension (due to dynamics of SM fields on the SM- 
brane) are consequently even smaller than this. They are just 51, 5k ~ 9ym9s oi'~^ p ~ 3 ^ 2 
(or 51, 5k ~ g\ M a /_<J3 ~ 3 ' ) ~ g 2 s in the case g\ M ~ g s a'~^~ 3 ^ 2 ), which again vanish in the 
limit g s — > 0. Thus the geometry of the bulk spacetime is practically insensitive to the 
quantum fluctuations of SM fields with support on the SM-brane. 

Finally for p = 3, the 4d Planck scale M v \ is given (in the case A = 0) by M£ ~ 
MfPmax/ds- So if we apply to this equation the hierarchy assumption that M s and p ma x 
are both of the order the electroweak scale ~ TeV, the estimated value for g s will be 
about ~ 1CT 16 , which, however, is just the realistic value of the decoupling limit g s — > 0. 
This again shows that taking g s — > is consistent with the hierarchy conjecture in the 
present paper. 
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Appendix : Codimension-1 branes 

In this section we will consider two different types of codimension-1 branes, which 
we will call type I or type II codimension-1 brane, respectively. 

A. Type I 

Type I codimension-1 brane (this is an ordinary codimension-1 brane) is described 

by 

= - / <P +1 xde^/- det |^| , (A.i) 

where gee (as well as g^ u ) is a pullback of Gee to the codimension-1 brane. Upon using 
(2.2) and (2.6), (A.I) reduces to 

= " / d 3 y Vtht y^gVe e^ B V p+1 (®) S(r - r B ) , (A.2) 

where r B represents the position of the codimension-1 brane. With this action, the field 
equations become 

d f dlnR 



dr 



(r^^) + A^r = -K 2 0i p+1) S(r - r B ) , (A.3) 



d ( d$\ [(a + 2)(p+ 1) +4] (p+1) 2 ^(p+i) s , ^ 

+i K 2 C? +1) S(r - r B ) , (A.4) 

Tr ( r f ) - ^ A *"' = - r B ) , (A.5) 

where the constants C'f p+1 - ) are defined by 

r=r B 

C M = e <*i>*/^( W $) + l^f 1 ) |_ fl • (A.6) 

B. Type II 
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Type II co dimension- 1 brane can be obtained from (A.l) (or (A. 2)) by setting 

VflfcW*) = ^ • (A.7) 

So the action is given by 

CI = - A^e 2 * V p (^ , (A.8) 

where we have assumed that £ 2 is not closed at r = and the brane is placed there. 
(A.7) indicates that V p+ i(Q>) of the type II brane is inversely proportional to the size (the 
radius) of the brane; i.e., V p+ i(<&) oc 1/ y/g^so that V p (&) becomes independent of y/gee- 
This is the crucial difference between type I and Type II codimension-1 branes. In the 
case of type I brane, V p+ i(&) is itself independent of ^fgee- (A.8) has the same form as 
(3.3) except that the 2d delta-function 5 2 {r) is replaced by Id delta-function 5(r)/2ir \fcj2. 
The type II codimension-1 brane is a codimension-1 brane which can be obtained from 
a codimension-2 brane (a point) by expanding it to a circle with the total mass of the 
brane kept constant. Conversely, a codimension-2 brane can be obtained from the type 
II codimension-1 brane by shrinking it to a point with the total mass of the brane kept 
constant. (A.7) indicates the fact that the total mass of the brane is unchanged under 
this expansion (or contraction). The field equations for this codimension-1 brane are 
given by 

d (. ,d\nR\ , ,, ~ S(r) , . . 

Tr {M— ) + A*| = -2^C,Ai, (A.9) 

d (. ,d<S>\ [(a + 2)(p+l)+4] . ... . lN2 ^5(r) 

*( |r| dr) " " 8 AV,|r| = (P+ 1)K ° 2 17 • (A ' 10) 

d (. . dB\ (a + 2) 2ri 5(r) 

*( |r| *) — A*M = Wft— , (A.11) 

where the constants Cj are defined by 

d = e (p+1)B/ Vj,($) , C 2 = e^/ 2 (v;(<|.) + i^P) , (A.12) 

similarly to (3.26). Note that the right hand sides of (A.9)-(A.ll) have been doubled as 
compared with (3.21)-(3.23). The reason is as follows. The left hand sides of (A.9)-(A.ll) 
show that there is a reflection symmetry about the codimension-1 brane at r = (we 
have |r| in the equations). So we naturally take the codimension-1 brane as an orbifold 
fixed line: i.e., we identify every point of the region r < with the corresponding point 
of the region r > 0, and then take the region r > as a fundamental domain. Then 
the orbifold fixed line at r = becomes a stack of two codimension-1 branes each of 
which belongs to the corresponding regions. So we have to double the right hand sides 
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of (A.9)-(A.ll). The equations (A.9)-(A.ll) can be solved by (4.1) with ip(r) and iuir) 
given by 

d /. ,dhxipr 2 \ mA 



dr 

and 

d /, ^dlaiM 
dr 

where «m are the same ones as those in (4.4)- (4. 7). 



rf J j + -Tji>r 2 = -2m^(5(r) (A.13) 



r \~dV L ) = 2aM6{r) ' (lM = iMr ~ 2kM) (A ' 14) 
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